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Linear systems of equations are associated with many problems in engineering and
science, as well as with applications of mathematics to the social sciences and the quanti-
tative study of business and economic problems.

In this chapter, direct techniques are considered to solve the linear system

E\: anxy+apnxy+---+apux, = by,
Ey: anx;+apx;+---+aux, = by,

6.1)
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for xi, ..., x,, given the constants g;;, foreach i, j = 1,2,...,n, and b;, for each i =
1,2, ... ,n. Direct techniques are methods that give an answer in a fixed number of steps,

subject only to roundoff errors. In the presentation we shall also introduce some elementary
notions from the subject of linear algebra.

Methods of approximating the solution to linear systems by iterative methods are dis-
cussed in Chapter 7.

6.1 Linear Systems of Equations

We use three operations to simplify the linear system given in (6.1):

1. Equation E; can be multiplied by any nonzero constant A with the resulting equa-
tion used in place of E;. This operation is denoted (AE;) — (E;).

2. Equation E; can be multiplied by any constant A and added to equation E; with
the resulting equation used in place of E;. This operation is denoted (E; +AE;) —
(Ei).

3. Equations E; and E; can be transposed in order. This operation is denoted (E;) <
(Ej).

By a sequence of these operations, a linear system can be transformed to a more easily
solved linear system that has the same solutions. The sequence of operations is illustrated
in the next example.

EXAMPLE 1 The four equations

Ei: xi+ x +3x4= 4,
E,: 2x14+ xo— x34+ x4= 1,
Ez: 3x1— x3— x3+4+2x4=-3,
Eyj: —x14+2x+3x3— x4= 4,

6.2)
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will be solved for x;, x;, x3, and x4. We first use equation E; to eliminate the unknown
xy from Ej, E3, and E4 by performing (E, — 2E;) — (E,), (E3 — 3E|) — (E3), and
(E4 + E;) — (E4). The resulting system is

Ei: xi+ x +3x3= 4,
E, : — Xx3— x3—5x4= -7,
E;: —4xy — x3—Tx4 = —15,
E,4: 3x2+3x3+2x4 = 8,

where, for simplicity, the new equations are again labeled E|, E,, E3, and Ej.
In the new system, E is used to eliminate x, from E; and E4 by performing (E3 —
4E>) — (E3) and (E4 + 3E,) — (E4), resulting in

Ei: xi+x + 3x= 4
E: —Xxy— X3— Sxg= -7,
2 2 3 4 (63)
Es: 3x3+ 13x4 = 13,
E4 : = 13)64 = —13.

The system of equations (6.3) is now in triangular (or reduced) form and can be
solved for the unknowns by a backward-substitution process. Since E, implies x4 = 1,
we can solve E; for x3 to give

X3 = %(13 —13x4) = %(13 —13) =0.
Continuing, E, gives
Xp=—(=T+5x4+x3) =—(-T+540) =2,
and E; gives
x1=4—-3x4—xp=4—-3-2=—1.

The solution to (6.3), and consequently to (6.2), is therefore, x; = —1, x, = 2, x3 = 0,
and x4 = 1. [ ]

When performing the calculations of Example 1, we did not need to write out the full
equations at each step or to carry the variables x;, x,, x3, and x4 through the calculations,
since they always remained in the same column. The only variation from system to system
occurred in the coefficients of the unknowns and in the values on the right side of the
equations. For this reason, a linear system is often replaced by a matrix, which contains
all the information about the system that is necessary to determine its solution, but in a
compact form.

Ann x m (n by m) matrix is a rectangular array of elements with n rows and m columns
in which not only is the value of an element important, but also its position in the array.
]
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The notation for an n x m matrix will be a capital letter such as A for the matrix and
lowercase letters with double subscripts, such as g;;, to refer to the entry at the intersection
of the ith row and jth column; that is,

app d4iz - Qim
ayy A - A
A= (aj) =
apl Ap2 - Aupm
The matrix
2 -1 7
A=
3 1 0
isa2 x 3matrix withay; = 2,a1p = —1,a13 =7,a2 = 3,a,»n = 1,and a3 = 0. u
The 1 x n matrix
A=lay ap - anl

is called an n-dimensional row vector, and an n x 1 matrix

ar

is called an n-dimensional column vector. Usually the unnecessary subscripts are omitted
for vectors, and a boldface lowercase letter is used for notation. Thus,

denotes a column vector, and

Y=t » - yl

a row vector.
Ann x (n + 1) matrix can be used to represent the linear system

anxy +apxy + -+ apx, = by,

axxy +anxy + -+ apx, = by,

An1X1 + QX2 + - -+ AuaXp = bm
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by first constructing

air ap ain by

a axp - Gy by
A= . . . and b=

an1  Aan2 Ann by

and then combining these matrices to form the augmented matrix

. =
ajp app -+ ap - b
ay axn - ay . b

[A,b] = | . ) o = oo fe
Aanl ap2 *++ Qpn . bn

where the vertical dotted line is used to separate the coefficients of the unknowns from the
values on the right-hand side of the equations.

Repeating the operations involved in Example 1 with the matrix notation results in
first considering the augmented matrix:

1 1 0 3: 4
e b vl Ay 1
B —f —1 P!-&

-1 2 3 1! 4

Performing the operations as described in that example produces the matrices

1 1 0 3: 4 11 0 3: 4
0 -1 -1 -5: -7 d O -1 -1 -=5: -7
0 -4 -1 =7:-15| ™ Jo o 3 13! 13
0 3 3 2: 8 0 0 0 —13:-13

The final matrix can now be transformed into its corresponding linear system, and
solutions for xy, x;, x3, and x4, can be obtained. The procedure involved in this process is
called Gaussian elimination with backward substitution.

The general Gaussian elimination procedure applied to the linear system

Ei: ayxi+apxy+---+ apwx, = by,
Er: anxi+anx; + -+ apx, = by,
(6.4)
E,: amxi+anxa+ -+ aGuxs = by,
is handled in a similar manner. First form the augmented matrix A:
ajl aip v Qe ¢ Qi
- a1 A ccc Qyp L Qa4
A=[ADb]= ; (6.5)

apl Q2+ Gpn . Qpp+l



6.1 Linear Systems of Equations 349

where A denotes the matrix formed by the coefficients. The entries in the (n + 1)st column
are the values of b; that is, @; ,+; = b; foreachi = 1,2, ..., n.

Provided ay; # 0, the operations corresponding to (E; — (a;i/ai)E1) — (E;) are
performed for each j = 2,3,...,n to eliminate the coefficient of x; in each of these
rows. Although the entries in rows 2, 3, ... ,n are expected to change, for ease of no-
tation we again denote the entry in the ith row and the jth column by a;;. With this in
mind, we follow a sequential procedure fori = 2,3, ... ,n — 1 and perform the operation
(Ej — (aji/ai)E;)) — (Ej) foreach j =i+ 1,i+2,...,n, provided a;; # 0. This
eliminates (changes the coefficient to zero) x; in each row below the ith for all values of

i=1,2,...,n— 1. The resulting matrix has the form:
aiy app - Aip c Al
= 0. ap - ay . ani
00 ann : an,n+l

where, except in the first row, the values of a;; are not expected to agree with those in the
original matrix A. The matrix A represents a linear system with the same solution set as
the original system (6.4). Since the new linear system is triangular,

an Xy +aipXy + -+ - + AipXn = A1,n41,

apxy + -+ Xy = Ay,

AnnXn = Qp n+1,
backward substitution can be performed. Solving the nth equation for x, gives

_ An,n+1

n =
Ann

Solving the (n — 1)st equation for x,_; and using x, yields

Ap—1,n+1 — An—1,nXxn

Xp—1 =
an—1,n—1
Continuing this process, we obtain
; =5 "
X il — QinXn — Qip—1Xn—1 — *** — i ,i+1Xi+1  Fin+l j=i+1 4ijXj
P = = )
aii dii

foreachi=n—-1,n-2,...,2,1.

The Gaussian elimination procedure can be presented more precisely, although more
intricately, by forming a sequence of augmented matrices A", A®, ..., A™, where AV
is the matrix A given in (6.5) and A® foreachk =2,3,...,n,has entries ai(j].‘), where:

(k—=1)
a;;
® 0, wheni =k, k+1,...,nand j =1,2,...,k—1,
d4ij = 26D
g‘_” = (]:_k—l—)]algk__llj, wheni =k, k+1,...,nand j =k, k+1,...,n+1.
A—1,k-1

wheni =1,2,... ,k—landj=1,2,... ,n+1,

a
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Thus,
r @ (1) (1) (1) (€8] (1) : (1) N
ay G 43 o G T S P
2 2) 2) 2) ¥))] 2 2)
0. ap ay -+ a5 1 G o Gpy
o _ | k=1) k—1) ®=1) * k=1
A™ = * G-k Y-tk 7 %e-in D G-t (6.6)
(k) ® k)
0 e 0 Qg o Gy
SO S ® ool ®
L 0 0 A R ar(m o Apnyr

represents the equivalent linear system for which the variable x;_; has just been eliminated
from equations Ey, Exyq, ... , E,.
The procedure will fail if one of the elements aﬂ), ag), ag), e, af,"_j}i_

because the step
a®
Ei - %Ek —> Ei
Yk
(n—1)

either cannot be performed (this occurs if one of aﬁ), ...y @, n_y is zero), or the backward

substitution cannot be accomplished (in the case a’) = 0). The system may still have a

solution, but the technique for finding the solution must be altered. An illustration is given
in the following example.

1> al™ is zero

Consider the linear system

Ei: xi1— x4+2x3— x4= =38,
Ey: 2x; —2xp + 3x3 — 3x4 = =20,

Es: X1+ x4+ x3 = =2,
Ey: x1— xp4+4x3+3x4= 4.
The augmented matrix is
1 -1 2 -1 : -8
~ o~ 2 -2 3 -3 :-20
— A :
d=4"= 1 1 1 0: =2
1 -1 4 3 4

and performing the operations

(Ey = 2E,) — (Ea), (E3 — E1) — (E3), and (E4— Ey) — (Es),
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gives
1 =1 2 ~1:~8
~ o 0 -1 —-1:.-4
@) :
AL 0 2 -1 1 6
0O 0 2 4: 12

Since ag), called the pivot element, is zero, the procedure cannot continue in its present
form. But the operation (E;) < (E;) is permitted, so a search is made of the elements
ag and afé) for the first nonzero element. Since aé? # 0, the operation (Ej) < (E3) is

performed to obtain a new matrix,

-1 3 =1 !-8
2 -1 116
0 —1 —1:—4
0 2 4:12

A =

[Nl

Since x; is already eliminated from E3 and Es, A® will be A%, and the computations
continue with the operation (E4 + 2E3) — (Ejy), giving

1 -1 2 —-1:-8
0 2 -1 1: 6
0 0 -1 —-1:-4
o 0 o0 2: 4

X4 = 5 =2,
—4— (—
R VA
-1
[6 — x4 — (—1)x3]
Xy = =3,
2
[-8 — (=Dx4 — 2x3 — (—D)x2]
X = = -7. ]
1
Example 2 illustrates what is done if a,g,? = O0Oforsome k = 1,2,...,n— 1. The

kth column of A®~D from the kth row to the nth row is searched for the first nonzero
entry. If agjc) # 0 for some p,with k + 1 < p < n, then the operation (Ey) < (E)) is
performed to obtain A*~"". The procedure can then be continued to form A®, and so on.
If agj() = 0 for each p, it can be shown (see Theorem 6.16 in Section 6.4) that the linear
system does not have a unique solution and the procedure stops. Finally, if a® = 0, the
linear system does not have a unique solution, and again the procedure stops. Algorithm 6.1
summarizes Gaussian elimination with backward substitution. The algorithm incorporates
pivoting when one of the pivots a,ﬁl,? is 0 by interchanging the kth row with the pth row,

where p is the smallest integer greater than k for which a a%

pk 1S nONZzero.
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Gaussian Elimination with Backward Substitution
To solve the n x n linear system

Ey: anxy+apxy+ -+ apXy = a1p4

Ey: anxy +apnxy + -+ amXy = Az n41

E,: auXxi+apxa+ -+ uXp = Ay n
INPUT number of unknowns and equations n; augmented matrix A = (g;;), where 1 <
i<nandl <j<n+1.

OUTPUT  solution x1, X2, ... , X, or message that the linear system has no unique solu-
tion.

Step1 Fori=1,...,n—1doSteps2—4. (Elimination process.)

Step 2 Let p be the smallest integer withi < p <nanda,; # 0.
If no integer p can be found
then OUTPUT (‘no unique solution exists’);
STOP.

Step 3 If p # i then perform (E,) < (E;).
Step4 Forj=i+1,...,ndoSteps5and 6.
Step5 Setmj; = aji/ai;.
Step 6 Perform (E; —mj; E;j) — (Ej);

Step 7 1If a,, = 0 then OUTPUT (‘no unique solution exists’);
STOP.

Step 8 Setx, = aunt1/ann. (Start backward substitution.)

Step9 Fori=n—1,...,1setx; = [a,;,,_H — Z;=i+]aijxj':| /(l,‘,‘.

Step 10 OUTPUT (x4, ..., x,); (Procedure completed successfully.)
STOP. [

All CAS have matrix routines. To define matrices and perform Gaussian elimination
using Maple, you must first access the linear algebra library using the command

>with(linalg) ;
To define the matrix A1) of Example 2, which we will call AA, use the command
>AA:=matrix (4,5, [1,—1,2,—1,—8,2,—2,3,—3,-20,1,1,1,0,-2,1,—1,4,3,4]);

The first two parameters, 4 and 5, give the number of rows and columns, respectively, and
the last parameter is a list of the entries of AV = AA. The function addrow(AA, i, j,m)
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performs the operation (E; +mE;) — (E ;) and the function swaprow(AA, i, j) performs
the operation (E;) <> (E;). So, the sequence of operations

>AA:=addrow(AA,1,2,-2);
>AA:=addrow(AA,1,3,-1);
>AA:=addrow(AA,1,4,-1);
>AA:=swaprow(AA,2,3);
>AA:=addrow(AA,3,4,2);

gives the reduction to A®, which is again called AA. Alternatively, the single command
AA:=gausselim(AA); returns the reduced matrix. In either case, the final operation

>x:=backsub (AA) ;

produces the solution x := [-7, 3, 2, 2].

The purpose of this example is to show what can happen if Algorithm 6.1 fails. The com-
putations will be done simultaneously on two linear systems:

X1+ x2+ x3=4, X1+ x4+ x3=4,
2x1+2x+ x3=6, and 2x;+2x,+ x3 =4,
X1+ X2+ 2x3 =6, X1+ x4+ 2x3=6.

These systems produce matrices

i 1 1 1:4 I A !
A=|2 2 1 :6| ad A=|2 2 1 : 4
11 2:6 11 2:6

Since a;; = 1, we perform (E, — 2E) — (E») and (E3 — E|) — (Ej3) to produce

3 1 1 1: 4 } (11 1: 4
A=10 0 -1 :-=2 and A=|0 0 -1 :-4
0 0 1 : 2 0 0 1 : 2

- -

At this point, ay; = az = 0. The algorithm requires that the procedure be halted, and no
solution to either system is obtained. Writing the equations for each system gives

X1+x204+ x3= 4, X1+x24+ x3= 4,
—x3=-2, and —x3 = —4,
X3 = 2, X3 = 2.

The first linear system has an infinite number of solutions; x3 = 2, x, = 2 —x, and x;
arbitrary. The second system leads to the contradiction x3 = 2 and x3 = 4, so no solution
exists. In each case, however, there is no unique solution, as we conclude from Algorithm
6.1. ]

_ Although Algorithm 6.1 can be viewed as the construction of the augmented matrices
AWM., A™ the computations can be performed in a computer using only one 7 x (n+41)
array for storage. At each step we simply replace the previous value of g;; by the new one.
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In addition, we can store the multipliers m j; in the locations of a;; since a;; has the value
Oforeachi =1,2,...,n—1land j =i+1,i+2,..., n. Thus, A can be overwritten by
the multipliers below the main diagonal and by the nonzero entries of A™ on and above
the main diagonal. These values can be used to solve other linear systems involving the
original matrix A, as we will see in Section 6.5.

Both the amount of time required to complete the calculations and the subsequent
roundoff error depend on the number of floating-point arithmetic operations needed to
solve a routine problem. In general, the amount of time required to perform a multiplica-
tion or division on a computer is approximately the same and is considerably greater than
that required to perform an addition or subtraction. The actual differences in execution
time, however, depend on the particular computing system. To demonstrate the counting
operations for a given method, we will count the operations required to solve a typical lin-
ear system of n equations in n unknowns using Algorithm 6.1. We will keep the count of
the additions/subtractions separate from the count of the multlpllcat10ns/d1v1510ns because
of the time differential.

No arithmetic operations are performed until Steps 5 and 6 in the algorithm. Step
5 requires that (n — i) divisions be performed. The replacement of the equation E; by
(E; — mj; E;) in Step 6 requires that m ;; be multiplied by each term in E;, resulting in a
total of (n —i)(n —i + 1) multiplications. After this is completed, each term of the resulting
equation is subtracted from the corresponding term in E ;. This requires (n —i)(n —i + 1)
subtractions. For eachi = 1,2, ... ,n — 1, the operations required in Steps 5 and 6 are as
follows.

Multiplications/divisions
m—D+m—-in—i+1)=mn—-i)n—i+2).
Additions/subtractions

(n—i)(n—1i+1).

The total number of operations required by these steps is obtained by summing the
operation counts for each i. Recalling from calculus that

m

- : (m+1) - (m+1)2m+1)
lem’ ZJZ%’ g m(m 6m ’

j=1 j=1

we have the following operation counts.

Multiplications/divisions
n—1 n—1
Y n—i)n—i+2)=) (n" —2ni+i’+2n—2i)
i=1 i=1

n—1
= n® +2n)Zl—2(n+1)Zl+Zl w
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Additions/subtractions

n—1 n—1
Z(n—i)(n—i+1) - Z(n2—2ni+i2+n—i)
1=

i=1

n—1 n—1 n—1 3 __ v
=(n2+n)Zl—(2n+l)Zi+Zi2:n - "
i=1 i=1 i=1

The only other steps in Algorithm 6.1 that involve arithmetic operations are those
required for backward substitution, Steps 8 and 9. Step 8 requires one division. Step 9
requires (n — i) multiplications and (n — i — 1) additions for each summation term and
then one subtraction and one division. The total number of operations in Steps 8 and 9 is
as follows.

Multiplications/divisions

. ) n?+n
1+;((n——1)+1)= -
Additions/subtractions
= n*—n
—j= 1) =
;((n i—1)+1) >

The total number of arithmetic operations in Algorithm 6.1 is, therefore:

Multiplications/divisions

2 +3n2 =51 n¥+4n n3 , N
+ = —4n°—- —.
6 2 3 3
Additions/subtractions
n3—n+nz—n_n3+n2 S5n
3 2 3 2 6

For large n, the total number of multiplications and divisions is approximately n?/3,
as is the total number of additions and subtractions. Thus, the amount of computation and
the time required increases with n in proportion to n®, as shown in Table 6.1.

n Multiplications/Divisions Additions/Subtractions
3 17 11

10 430 375

50 44,150 42,875

100 343,300 338,250




356

CHAPTER 6 = Direct Methods for Solving Linear Systems

EXERCISE SET 6.1

1.

For each of the following linear systems, obtain a solution by graphical methods, if possible.
Explain the results from a geometrical standpoint.

a. X1 +2x2 = 3, b. X1+ ZXQ =0,
x1—x2=0. xl—X2=O.
C. x1+ 2)(,'2 = 3, d. X1+ 2)62 = 3,
2X1 +4X2 = 6. '—2X1 e 4xz = 6.
€. x1+2xz=0, f. 2X1—|'- )C2=—1,
2x1 +4x, = 0. x4+ x =2,
X1 — 3)62 =3,
g 2x+ x=-1, h. 24+ xn+x=1,
4X1+2X2=—2, ZX1+4)C2—)C3=—1.

x; —3xy; =5.

Use Gaussian elimination with backward substitution and two-digit rounding arithmetic to
solve the following linear systems. Do not reorder the equations. (The exact solution to each
systemis x; = 1, x, = —1,x3 = 3.)
a. 4X| - X2+ X3 = 8, b.
2X1 + SXZ + 2)63 = 3,
X1+ 2x; +4x; = 11.

4x; 4+ x3+2x3 =09,
2)(,'1 +4X2 - X3 = —5,

X1+ X2-3)C3 =-9.

Use the Gaussian Elimination Algorithm to solve the following linear systems, if possible, and
determine whether row interchanges are necessary:

a. X1 = Xy 3X3 = 2, b. 2X1 = 1.5X2 + 3X3 = 1,
3)61 = 3)62 + Xg= '—1, =% = ZX3 = 3,
X1+ x = 3. 4x1 _— 4.5)C2 + 5.7C3 = 1.

c.  2x = 3, d. X] — %xz + x3 =4,

x1 + 1.5x, = 4.5, 21— Xp— X3+ x4=35,

— 3x,+0.5x; = —6.6, X1+ x —)

2x1 — 2%+ X3+X4=0.8. X1 — %XQ + X3+ x4 =35

e. X1+ X + x4 =2, f. X1+ x + x4 =2,

261+ X — X3+ x4=1,
4)6] —XZ—2X3+2X4=0,

2x1+ xo— x3+ x=1,
—X1+ 2%, +3x3— x4 =4,

3x; —xp — x34+2x4 = 3. 3x;1 — xp — X34 2x4 =-3.

Use the Gaussian Elimination Algorithm and single-precision arithmetic on a computer to
solve the following linear systems.
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a. 3—1x1 + éX2 + %X3 =9,
X1+ 10+ tx =8,
%xl + X2 + 2X3 = 8.
b. 3.333x; + 15920x, — 10.333x3 = 15913,

2222x1 4+ 16.71xy + 9.612x3 = 28.544,
1.5611x; + 5.1791x; + 1.6852x3 = 8.4254.

)

1 1 1
c. X1+ 53X+ 3X3 + gx4=

1 1 1 1
3%+ 3%+ g¥s + 5K =

1 1 1 1
3X1+ gX2 + 5X3 + gxa=

Ol— o]— ~J|— O\|—

%x1+%x2+%x3+%x4= :
d 2xv+ x— x3+x4—3x5=17,
X +2x3 — x4+ x5 =2,
—2Xxy — X34 x4 — x5 = -5,

3x1+ xp —4x3 + 5x5 = 6,
Xy — Xp— X3— X4+ x5=23.

Given the linear system

2x; — 6axy = 3,

(ST

3OUC1 — Xy =

a. Find value(s) of o for which the system has no solutions.

b.  Find value(s) of & for which the system has an infinite number of solutions.
¢. Assuming a unique solution exists for a given «, find the solution.

Given the linear system

X1 — Xp+oax3=-2,
—x1 4+ 2x; — ax3 = 3,

oax; + x+ X3=2.

a.  Find value(s) of « for which the system has no solutions.

b.  Find value(s) of o for which the system has an infinite number of solutions.

¢. Assuming a unique solution exists for a given «, find the solution.

Show that the operations

a. (AE) —> (E) . b. (E;+AE;) = (E)) c. (E) < (E)

do not change the solution set of a linear system.

Gauss-Jordan Method: This method is described as follows. Use the ith equation to elimi-

nate not only x; from the equations E; 1, E;.,, ..., E,, as was done in the Gaussian elimina-
tion method, but also from Ej, E,, ..., E;_;. Upon reducing [A, b] to:
(€3] . 1
an 0 - 0 : a,y
@ . . ‘ (2)
0 ay o G
: 0 |
0 -~ 0 am  g®

nn g n,n+1
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the solution is obtained by setting

(&)

X = i nt1
| (i) ’
a;;
foreachi = 1,2, ..., n. This procedure circumvents the backward substitution in the Gaus-

sian elimination. Construct an algorithm for the Gauss-Jordan procedure patterned after that
of Algorithm 6.1.

9. Use the Gauss-Jordan method and two-digit rounding arithmetic to solve the systems in Exer-
cise 2.
10. Repeat Exercise 4 using the Gauss-Jordan method.
11. a. Show that the Gauss-Jordan method requires

3
> +n? - > multiplications/divisions

and

n’ oo - .

— — — additions/subtractions.

2 2
b. Make a table comparing the required operations for the Gauss-Jordan and Gaussian elim-

ination methods for n = 3, 10, 50, 100. Which method requires less computation?

12.  Consider the following Gaussian-elimination-Gauss-Jordan hybrid method for solving the sys-
tem (6.4). First, apply the Gaussian-elimination technique to reduce the system to triangular
form. Then use the nth equation to eliminate the coefficients of x, in each of the first n — 1
rows. After this is completed use the (n — 1)st equation to eliminate the coefficients of x,_; in
the first n —2 rows, etc. The system will eventually appear as the reduced system in Exercise 8.

a.  Show that this method requires

n + 3n2 Sn Itiplications/divisions
— + —n° — —n  multipli %
372" 76 P
and
n®  n?
— 4+ — — —n additions/subtractions.
3 2 6

b. Make a table comparing the required operations for the Gaussian elimination, Gauss-
Jordan, and hybrid methods, for n = 3, 10, 50, 100.

13.  Use the hybrid method described in Exercise 12 and two-digit rounding arithmetic to solve the
systems in Exercise 2.

14. Repeat Exercise 4 using the method described in Exercise 12.

15.  Suppose that in a biological system there are n species of animals and m sources of food.
Let x; represent the population of the jth species, for each j = 1,...,n; b; represent the
available daily supply of the ith food; and a;; represent the amount of the ith food consumed
on the average by a member of the jth species. The linear system

anxy + apxy + -+ apx, = by,

anxiy + anx; + -+ X, = by,

Am1X1 + AmaXo + - -+ +amnxn = bm



6.2 Pivoting Strategies 359

represents an equilibrium where there is a daily supply of food to precisely meet the average
daily consumption of each species.

a. Let

A= (llij) =

S =
S O
— N O
— N W

x = (x;) = [1000, 500, 350, 400], and b = (b;) = [3500, 2700, 900]. Is there sufficient
food to satisfy the average daily consumption?

b.  What is the maximum number of animals of each species that could be individually added
to the system with the supply of food still meeting the consumption?

c. If species 1 became extinct, how much of an individual increase of each of the remaining
species could be supported?

d. If species 2 became extinct, how much of an individual increase of each of the remaining
species could be supported?

16. A Fredholm integral equation of the second kind is an equation of the form

b
u(x) =f(x)+/ K(x,t)u(t) dt,

where a and b and the functions f and K are given. To approximate the function u on the
interval [a, b], a partition xo = a < x| < -++ < Xpu_1 < X = b is selected and the equations

b
u(x;) = f(x,-)+f K(x;,t)u(t) dt, foreachi =0,...,m,

are solved for u(xp), u(x;), ..., u(x,). The integrals are approximated using quadrature for-
mulas based on the nodes xo, ..., x,. In our problem, a = 0, b = 1, f(x) = x2, and
K(x,t) = e,

a.  Show that the linear system
1
u(0) = f(0) + i[K(O’ 0)u(0) + K (0, Du(D)],

1
ul) = f(1) + E[K(l,O)u(O) + K1, Du(1)]

must be solved when the Trapezoidal rule is used.
b.  Set up and solve the linear system that results when the Composite Trapezoidal rule is
used with n = 4.

¢. Repeat part (b) using the Composite Simpson’s rule.

6.2 Pivoting Strategies

In deriving Algorithm 6.1, we found that a row interchange is needed when one of the
pivot elements a,ﬁl,? is 0. This row interchange has the form (Ey) <> (E)), where p is the
smallest integer greater than k with ag? # 0. To reduce roundoff error, it is often necessary
to perform row interchanges even when the pivot elements are not zero.
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If a,ﬁ’,? is small in magnitude compared to aﬁ.',?, the magnitude of the multiplier

(k)
Gk

(k)
Ak

mp =

will be much larger than 1. Roundoff error introduced in the computation of one of the
terms a,ﬁ’,‘) is multiplied by m j, when computing a}’f“, which compounds the original

error. Also, when performing the backward substitution for

(k) n (k)
Yent1 — Zj=k+l Ay
o= ® ;
ik

with a small value of a ,El,?, any error in the numerator can be dramatically increased because
of the division by a,ﬁ’,?. An illustration of this difficulty is given in the following example.

The linear system

E] . 0003000)(71 + 59.14)62 = 59.17
E;: 5.291x; — 6.130x, = 46.78,
has the exact solution x; = 10.00 and x, = 1.000. Suppose Gaussian elimination is per-

formed on this system using four-digit arithmetic with rounding.
The first pivot element, a{ll) = 0.003000, is small, and its associated multiplier,

5.291

~ 0.003000

rounds to the large number 1764. Performing (E; — m E;) — (E3) and the appropriate
rounding gives

may = 1763.66,

0.003000x; + 59.14x, ~ 59.17
—104300x, ~ —104400,

instead of the precise values,
0.003000x; 4+ 59.14x, = 59.17
—104309.376x, = —104309.376.

The disparity in the magnitudes of m;a;3 and ap3 has introduced roundoff error, but the
roundoff error has not yet been propagated. Backward substitution yields

x ~ 1.001,

which is a close approximation to the actual value, x, = 1.000. However, because of the
small pivot a;; = 0.003000,

59.17 — (59.14)(1.001)
~ = —10.00
“ 0.003000
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contains the small error of 0.001 multiplied by

59.14

—————— = 20000.
0.003000 0000

This ruins the approximation to the actual value x; = 10.00. (See Figure 6.1.) [

Figure 6.1

Xy A

Approximation E,

(=10, 1.001) Exact solutio/
. (10, 1) E,

| /L >

-10 /10 1

Example 1 shows how difficulties arise when the pivot element a,ﬁ’,‘() is small relative to

the entries ai(;.‘) ,fork <i <mandk < j < n.To avoid this problem, pivoting is performed
by selecting a larger element a;,’;) for the pivot and interchanging the kth and pth rows,
followed by the interchange of the kth and gth columns, if necessary. The simplest strategy
is to select an element in the same column that is below the diagonal and has the largest

absolute value; specifically, we determine the smallest p > k such that

(k) (k)
a = max |da;
@y = max aif|

and perform (Ey) <> (E)). In this case no interchange of columns is used.

EXAMPLE 2 Reconsider the system

Er: 0.003000x; + 59.14x, = 59.17,
E,: 5.291x; — 6.130x, = 46.78.

The pivoting procedure just described results in first finding
max {|a“’| |a“>|} = max {]0.003000], |5.291]} = |5.291| = |a!V|
1 byl = . ) 19- =19 =lay |-
The operation (E») <> (E)) is then performed to give the system

Ei: 5.291x; — 6.130x, = 46.78,
E; : 0.003000x; + 59.14x, = 59.17.
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The multiplier for this system is
gl
may = — = 0.0005670,

1
ap

and the operation (E, — my1 E;) — (E,) reduces the system to

5.291x; — 6.130x, ~ 46.78,
59.14x, ~ 59.14.

The four-digit answers resulting from the backward substitution are the correct values
x1 = 10.00 and x, = 1.000. w

The technique just described is called partial pivoting, or maximal column pivoting,
and is detailed in Algorithm 6.2. The actual row interchanging is simulated in the algorithm
by interchanging the values of NROW in Step 5.

ALGORITHM Gaussian Elimination with Partial Pivoting
6.2

To solve the n x n linear system

Ei: anxy+apxy+ -+ apx, = a g

Ey: apixy+anxy + -+ axXy = dypy

E,: anxi+apnxy+ -+ GuaXy = ppti
INPUT number of unknowns and equations n; augmented matrix A = (a;;) where 1 <
i<nandl <j<n+1.

OUTPUT  solution x1, ... , x, or message that the linear system has no unique solution.

Step1 Fori=1,...,nset NROW(i) =i. (Initialize row pointer.)
Step2 Fori=1,...,n—1doSteps 3-6. (Elimination process.)

Step 3 Let p be the smallest integer withi < p < n and
|a(NROW(p), i)| = max;<;<, |a(NROW(j), i)|.
(Notation: a(NROW(i), j) = angow,.;-)

Step 4 If a(NROW(p), i) = 0 then OUTPUT (‘no unique solution exists’);
STOP.

Step 5 1f NROW(i) # NROW(p) then set NCOPY = NROW(i);
NROW(i) = NROW(p);
NROW(p) = NCOPY.
(Simulated row interchange.)

Step6 Forj=i+1,...,ndoSteps7and 8.
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Step 7 Set m(NROW(j), i) = a(NROW(j),1)/a(NROW(i), i).
Step 8 Perform (Engow(j) — m(NROW(j), i) - Exrowi)) = (Enrow(j))-

Step 9 If a(NROW(n), n) = 0 then OUTPUT (‘no unique solution exists’);
STOP.

Step 10  Set x, = a(NROW(n), n + 1)/a(NROW(n), n).
(Start backward substitution.)
Step 11 Fori=n—1,...,1
a(NROW(i), n + 1) = 375, | a(NROW(i), j) - x;
a(NROW(i), i)

Step 12 OUTPUT (xy, ... ,x,); (Procedure completed successfully.)
STOP. -

setx; =

Each multiplier m j; in the partial pivoting algorithm has magnitude less than or equal
to 1. Although this strategy is sufficient for most linear systems, situations do arise when
it is inadequate.

The linear system

Ey: 30.00x; 4+ 591400x, = 591700,
E;: 5291x; — 6.130x, = 46.78,

is the same as that in Examples 1 and 2 except that all the entries in the first equation
have been multiplied by 10*. The procedure described in Algorithm 6.2 with four-digit
arithmetic leads to the same results as obtained in Example 1. The maximal value in the
first column is 30.00, and the multiplier

5.291

my = —— = 0.1764
30.00

leads to the system
30.00x; + 591400x, =~ 591700,
—104300x, =~ 104400,

which has the same inaccurate solutions as in Example 1: x, & 1.001 and x; ~ —10.00.
]

Scaled partial pivoting, also called scaled-column pivoting, is appropriate for the sys-
tem in Example 3. It places the element in the pivot position that is largest relative to the
entries in its row. The first step in this procedure is to define a scale factor s; for each row
as

s; = max |a;;].
1<j=n
If, for some i, we have s; = 0, then the system has no unique solution since all entries in
the ith row are 0. Assuming that this is not the case, the appropriate row interchange to
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place zeros in the first column is determined by choosing the least integer p with

lap1] a1

——— = max ———

Sp I<k<n Si

and performing (E|) <> (E,). The effect of scaling is to ensure that the largest element
in each row has a relative magnitude of 1 before the comparison for row interchange is
performed.

In a similar manner, before eliminating the variable x; using the operations

Ek—mkiE,-, fork:i+l,...,n,

we select the smallest integer p > i with

|apil |a;|
—— = max —
Sp i<k<n §j
and perform the row interchange E; < E, if i # p. The scale factors sq,... ,s, are

computed only once, at the start of the procedure, and must also be interchanged when row
interchanges are performed.
Applying scaled partial pivoting to Example 3 gives

s1 = max{]30.00], |591400|} = 591400

and
s7 = max{|5.291], |—6.130]} = 6.130.
Consequently,
30.0 291
lanl _ 0 _ 0.5073 x 1074, lan| _ 5291 0.8631,
si. 591400 55 6.130

and the interchange (E|) < (E») is made.
Applying Gaussian elimination to the new system

5.291x; — 6.130x, = 46.78
30.00x; + 591400x, = 591700

produces the correct results: x; = 10.00 and x, = 1.000.
Algorithm 6.3 implements scaled partial pivoting.

Gaussian Elimination with Scaled Partial Pivoting

The only steps in this algorithm that differ from those of Algorithm 6.2 are:

Step1 Fori=1,...,nsets; = maxj<j<y |a;l;
if s; = 0 then OUTPUT (‘no unique solution exists’);
STOP.

set NROW(i) = i.
Step2 Fori=1,...,n—1doSteps 3-6. (Elimination process.)
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Step 3 Let p be the smallest integer withi < p < n and
la(NROW(p), )| max la(NROW(j), i)|
s(NROW(p))  izj=n s(NROW(j)) "

The next example illustrates scaled partial pivoting using Maple with finite-digit
rounding arithmetic.
EXAMPLE 4 Solve the linear system using three-digit rounding arithmetic.

2.11x; — 4.21x, +0.921x3 = 2.01,
4.01x; + 10.2x; — 1.12x3 = =3.09,
1.09x; +0.987x, + 0.832x3 =. 4.21.

To obtain three-digit rounding arithmetic, enter
>Digits:=3;

We have s; = 4.21, s = 10.2, and 53 = 1.09.
So

2.11 4.01 1.09
lanl _ 211 o gpy Janl 20193 gl 109
S1 4.21 S1 10.2 53 1.09

The augmented matrix AA is defined by

>AA:=matrix(3,4,[2.11,-4.21,0.921,2.01,4.01,10.2,-1.12,-3.09,1.09,
0.987,0.832,4.21]);

which gives

2.11 —-4.21 921 2.01
AA = | 4.01 10.2 -1.12  =3.09
1.09 987 832 421

Since |as;|/s3 is largest, we perform (E;) <> (E3) using
>AA:=swaprow(AA,1,3);

to obtain

1.09 987 832 4.21
AA:=|4.01 10.2 -1.12  -3.09
2.11 —4.21 921 2.01

Computing multipliers gives
>m21:=4.01/1.09;

m21 :=3.68
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>m31:=2.11/1.09;
m31 :=1.94

We perform the first two eliminations using
>AA:=addrow(AA,1,2,-m21);
and

>AA:=addrow(AA,1,3,-m31);

to obtain
1.09 .987 .832 4.21
AA:=1]0 6.57 —4.18 —18.6
0 —6.12 —.689 —6.16
Since
; 12
) 99T e 1l 802 g s
§2 10.2 53 4.21
we perform

>AA:=swaprow(AA,2,3);

giving
1.09 987 .832 4.21
AA =10 —6.12 —.689 —6.16
0 6.57 —4.18 —18.6

The multiplier m3; is computed by

>m32:=6.57/(-6.12);

m3y = —1.07.
The elimination step
>AA:=addrow(AA,2,3,-m32);

gives

1.09 987 .832 4.21
AA:=1|0 —6.12 —.689 —6.16
0 02 —-492 252

We cannot use backsub because of the entry .02 in the (3,2) position. This entry is
nonzero due to rounding, but we can remedy this minor problem using the command

>AA[3,2]:=0;
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which replaces the entry .02 with a 0. To see this enter
>evalm(AA);

which displays the matrix AA. Finally,
>x:=backsub(AA);

gives the solution

x:=[-431 430 5.12]. n

The first additional computations required for scaled partial pivoting result from the
determination of the scale factors; there are (n — 1) comparisons for each of the n rows,
for a total of

n(n — 1) comparisons.

To determine the correct first interchange, n divisions are performed, followed by n—1
comparisons. So the first interchange determination adds

n divisions and (n — 1) comparisons.
Since the scaling factors are computed only once, the second step requires
(n — 1) divisions and (n — 2) comparisons.

We proceed in a similar manner until there are zeros below the main diagonal in all
but the nth row. The final step requires that we perform

2 divisions and 1 comparison.

As a consequence, scaled partial pivoting adds a total of

n—1
m—Dn 3 .
-1 k= -1 — == = 6.7
nn—1)+ ; nn—1)+ 5 2n(n ) comparisons (6.7)
and
b=y k=1="21Y 1 svicons
=2 k=1 2

to the Gaussian elimination procedure. The time required to perform a comparison is
about the same as an addition/subtraction. Since the total time to perform the basic
Gaussian elimination procedure is O (n*®/3) multiplications/divisions and 0(n?/3) addi-
tions/subtractions, scaled partial pivoting does not add significantly to the computational
time required to solve a system for large values of 7.

To emphasize the importance of choosing the scale factors only once, consider the
amount of additional computation that would be required if the procedure were modified
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so that new scale factors were determined each time a row interchange decision was to be
made. In this case, the term n(n — 1) in Eq. (6.7) would be replaced by

n

}:k@—1)=§nm2—D.

k=2

As a consequence, this pivoting technique would add O (n?/3) comparisons, in addi-
tion to the [n(n 4 1)/2] — 1 divisions. If a system warrants this type of pivoting, complete
(or maximal) pivoting should instead be used. Complete pivoting at the kth step searches
all the entries a;;, fori =k, k+1,... ,nand j =k, k+1,...,n, to find the entry with
the largest magnitude. Both row and column interchanges are performed to bring this entry
to the pivot position. The first step of total pivoting requires that n> — 1 comparisons be
performed, the second step requires (n — 1)> — 1 comparisons, and so on. Hence the total
additional time required to incorporate complete pivoting into Gaussian elimination is

Xn:(kz = nn —1)2n +5)
k=2 6

comparisons. This figure is comparable to the number required for the modified scaled-
column pivoting technique, but no divisions are required. Complete pivoting is, conse-
quently, the strategy recommended for systems where accuracy is essential and the amount
of execution time needed for this method can be justified.

EXERCISE SET 6.2

1. Find the row interchanges that are required to solve the following linear systems using Algo-

rithm 6.1.
a. X1 —5%4+ x3=17, b. X1+x— x3=1,
10X1 + 20X3 =6, X1+ X2 +4X3 = 2,
5x; - x3=4. 2x1 — X9 + 2x3 = 3.
&, 2x; — 3xp +2x3 = 5, d. X + x3 =6,
—4x1+2x2—6x3 = 14, X1 —2)C2—)C3 =4,
2X1+2X2+4X3=8. Xy — XQ+X3=5.

2. Repeat Exercise 1 using Algorithm 6.2.
3.  Repeat Exercise 1 using Algorithm 6.3.
4. Repeat Exercise 1 using complete pivoting.
5. Use Gaussian eliminiation and three-digit chopping arithmetic to solve the following linear
systems, and compare the approximations to the actual solution.
a. 0.03x; +58.9x, = 59.2, b. 58.9x; + 0.03x, = 59.2,
5.31x; — 6.10x, = 47.0. —6.10x; + 5.31x, = 47.0.

Actual solution (10, 1)". Actual solution (1, 10)".
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R

10.
11.
12.
13.
14.
15.

16.

c. 3.03x; — 12.1x; + 14x3 = —119,
—3.03x; + 12.1x, — Tx3 = 120,
6.11x; — 14.2x, + 21x3 = —139.
Actual solution (0, 10, 1)'.

d. 3.3330x; + 15920x, + 10.333x3 = 7953,

2.2220x; + 16.710x; + 9.6120x3 = 0.965,

—1.5611x; +5.1792x, — 1.6855x; = 2.714.
Actual solution (1, 0.5, —1)".

e. 1.19x;+ 2.11x; — 100x3 + x4 = 1.12,

14.2x; — 0.122x; + 12.2x3 — x4 = 3.44,

100x; — 99.9x;3 + x4 = 2.15,

15.3x; +0.110x; — 13.1x3 — x4 = 4.16.
Actual solution (0.17682530, 0.01269269, —0.02065405, —1.18260870)".

f. X — exy+ \/E)C3 - «/§X4 = «/ﬁ,
2%+ exp — e*xs+ %X4 =0,

Vixi =6+ x3—2x4=m,

mxi+ et — Vit fx =42

Actual solution (0.78839378, —3.12541367, 0.16759660, 4.55700252)".

Repeat Exercise 5 using three-digit rounding arithmetic.

Repeat Exercise 5 using Gaussian elimination with partial pivoting.

Repeat Exercise 6 using Gaussian elimination with partial pivoting.

Repeat Exercise 5 using Gaussian elimination with scaled partial pivoting.

Repeat Exercise 6 using Gaussian elimination with scaled partial pivoting.

Repeat Exercise 5 using Algorithm 6.1 with single-precision computer arithmetic.
Repeat Exercise 5 using Algorithm 6.2 with single-precision computer arithmetic.
Repeat Exercise 5 using Algorithm 6.3 with single-precision computer arithmetic.
Construct an algorithm for the complete pivoting procedure discussed in the text.
Use the complete pivoting algorithm developed in Exercise 14 to obtain solutions to
a. Exercise 5 b. Exercise 6 c. Exercise 11

Suppose that

2)C1 + x3 + 3)63 = 1,
4x; + 6x, + 8x3 =5,
6X| + ax; + IOX3 = 5,

with || < 10. For which of the following values of « will there be no row interchange required
when solving this system using scaled partial pivoting?

a. a=6 b. a=9 c. a=-3



